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1. Introduction

Measurements of risk-sharing mechanisms are important when designing optimal taxation and

social welfare programs. This study quantifies the channels through which consumption insurance

against idiosyncratic wage shocks is achieved by US and German households, and studies the

optimal degree of insurance through progressivity within a class of progressive tax functions.

To this end, we use an estimated incomplete-markets heterogeneous-agent model, where house-

holds choose their consumption and labor supply over the life cycle. In this model, there are two

types of idiosyncratic wage shocks, namely permanent and transitory. Households differ in their

initial wealth, preferences, and wage shocks. Partial consumption insurance is achieved through

three channels: progressive taxation, labor supply adjustment, and wealth accumulation.

Most of the existing literature on consumption insurance focuses on the co-movement of in-

come and consumption (e.g., Blundell et al. 2008; Jappelli and Pistaferri 2010) and, more recently,

on labor supply (see e.g., Heathcote et al. 2014). Very few studies explicitly consider the role of

wealth.1 However, wealth can be important, for at least two reasons. First, it reduces the precau-

tionary saving motive, thereby affecting consumption and labor supply responses to wage shocks.

For instance, in response to the same windfall income, households vary in terms of whether to con-

sume more or work less, depending on their wealth level. Second, wealth is a component of budget

constraints. In the absence of high-quality data on consumption, data on wealth can be useful to

discipline consumption in a structural model.

In this study, we explicitly consider the role of wealth in our model. Specifically, we consider

wealth and labor supply quantiles per age, and use the method of simulated moments to estimate

the structural parameters of the model by matching the distributions of wealth and the labor supply

over the life cycle.

A prerequisite for quantifying consumption insurance is to measure idiosyncratic risks in wage.

We extend the literature on estimating wage and income processes by developing a new method

that places both long-term and short-term restrictions on wage growth rates. An important obser-

vation is that the variance of income increases over the life cycle as a result of permanent shocks.

This can be used to identify the variance of permanent shocks (Carroll 1992). Essentially, this

1Exceptions include the work of Kaplan and Violante (2010), where the only insurance mechanism is wealth, and

Krueger and Perri (2011), who find that consumption insurance depends crucially on wealth holdings.
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pattern restricts long-term income growth. Another observation is that income growth rates are au-

tocorrelated owing to transitory shocks. The covariance between consecutive periods of income

growth can be used to identify the variance of transitory shocks (Meghir and Pistaferri 2004). This

places a short-term restriction on income growth. We combine these observations to distinguish

clearly between permanent and transitory shocks, making full use of available data.

To quantify how consumption insurance is achieved, we decompose the consumption response

to wage shocks. We show that in the absence of wealth accumulation, the model has a closed-form

solution. Consumption insurance can be decomposed exactly into a progressive taxation channel

and a labor supply adjustment channel. In the presence of wealth, we can decompose consumption

insurance into three channels by acknowledging that wealth changes the transmission of wage

shocks to consumption and labor. Since the model no longer has a close-form solution, we resort

to our numerically estimated model to quantify the strength of each channel.

Our main result can be summarized as follows. Over the life cycle, US households insure,

on average, against 43 percent of permanent wage shocks, of which 11 percent is by progressive

taxation, 7 percent by wealth, and 25 percent by labor supply adjustment. In contrast, 90 percent

of transitory wage shocks are insured against, of which 11 percent is by progressive taxation,

54 percent by wealth, and 25 percent by labor supply adjustment. Wealth is more important in

insurance against transitory shocks than it is for permanent shocks. Obviously, the role of wealth

is not constant; as households accumulate wealth over the life cycle, the insurance mechanism

through wealth strengthens.

Using the estimated model, we further analyze the optimal degree of progressive taxation

within a class of progressive taxation, following Bénabou (2002). Abstracting from public goods,

we adopt a simple framework where net tax revenue over the life cycle is fixed at its current level

as we vary the degree of progressivity. We measure welfare as the expected discounted utility over

the life cycle. Welfare trade-offs arise because progressivity changes the incentive to work and,

hence, consumption levels, and because it changes the strengths of risk sharing mechanisms.

Based on our model, we find that US progressive taxation is a little more progressive than the

average optimal degree of progressivity indicates. However, the optimal level for the economy

as a whole is not necessarily optimal for heterogeneous households. Our model suggests that

households that are more patient, more willing to work, and less wealthy prefer more progressivity.

It is important to stress that these results only consider optimality with respect to the insurance that

the progressivity of taxation provides.

3



Finally, we re-estimate our model using German data in order to compare our findings from

the United States to the results from Germany. There are two reasons for the comparison. First, it

serves as a robustness check of whether the model is capable of fitting reasonably well with similar

data from other countries. Second, and more importantly, Germany has a more progressive tax

system than the United States does. Thus, it is interesting to compare the consumption insurance

and the optimal degree of progressivity in the two countries.

Compared with the United States, we find that idiosyncratic risks are lower in Germany. The

extent to which consumption is insured is similar, although the wealth channel plays a more im-

portant role in Germany. Interestingly, the optimal degree of progressivity is almost the same in

both countries, despite differences in their preferences and distributions of wealth and labor.

Our analysis uses the concept of partial insurance developed in Blundell et al. (2008), and re-

lates to studies quantifying partial insurance. Heathcote et al. (2014) derive a closed-form solution

for consumption and labor supply in a general equilibrium model. We show that this solution is

analytically similar to that obtained for hand-to-mouth households in our model. However, we

emphasize the empirical relevance of our model with respect to the wealth distribution. Kaplan

and Violante (2010) use a consumption-saving life-cycle model to study partial insurance, where

wealth is the only insurance mechanism. In our model, progressive taxation, wealth, and labor

supply adjustment insure households against idiosyncratic wage shocks.

The social insurance effect of progressive taxation has been investigated by Mirrlees (1974)

and Varian (1980), but not with an explicit focus on precautionary saving. The literature on pre-

cautionary saving (e.g., Carroll and Samwick 1998) typically assumes exogenous labor income,

and abstracts from modeling taxation and transfers explicitly. At the same time, older studies show

that precautionary behavior is influenced strongly by transfers (Hubbard et al. 1995; Gruber and

Yelowitz 1999; Engen and Gruber 2001). We connect these findings and provide a comprehensive

examination of the interdependencies between taxes, labor supply, and precautionary saving.

There is a significant body of literature on optimal taxation that studies how much progressivity
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is needed to provide partial insurance against wage shocks.2 In terms of the class of progressive

tax functions, our study is most closely related to the work of Heathcote et al. (forthcoming),

who analyze the optimal degree of progressivity for the United States in a general equilibrium

environment, where consumption, labor supply, human capital, and public goods shape welfare

trade-offs. Interestingly, our estimate is similar to theirs, though we emphasize the match of wealth

and labor supply distributions over the life cycle in a partial equilibrium framework.

This study is also related to the literature on the estimation of the income process and life-cycle

models. The estimation of the wage process extends the methods developed by Carroll (1992),

Meghir and Pistaferri (2004), Blundell et al. (2008), and Hryshko (2012). The key innovation

here is that we exploit both long-term and short-term restrictions on wage growth to distinguish

between permanent and transitory wage shocks. The estimation of the structural parameters of

our life-cycle model is similar to those in Gourinchas and Parker (2002) and Cagetti (2003). We

use our model to match a few quantiles of wealth and labor supply distributions over the life cycle.

The empirical relevance to distributions of the wealth and labor supply is crucial to our quantitative

results.

The rest of the paper is structured as follows. In Section 2, we introduce a standard incomplete

markets model with taxes and transfers, and discuss the insurance mechanisms and welfare im-

plications of progressive taxation. Section 3 briefly describes our data, the estimation procedure,

and results of key parameters and variables. Our main results are reported in Section 4. Lastly,

Section 5 concludes the paper.

2. Model

This section first introduces a standard incomplete-markets model of household consumption

and labor supply over the life cycle, and then analyzes the insurance effects and welfare impli-

2For example, using simulations, Fehr et al. (2013) find that the optimal system involves higher progressivity,

because insurance benefits over-compensate for additional labor market distortions. Conesa et al. (2009) (Conesa

and Krueger (2006)) study the trade-off between efficiency and insurance under progressive taxation, and find that

a proportional income tax with a constant marginal tax rate of 23 (17.2) percent and a deduction of roughly 7,200

(9,400) USD is optimal for the United States. Floden and Lindé (2001) examine idiosyncratic risks and the effects of

government redistribution in the United States and Sweden in the context of proportional taxation, finding substantial

welfare benefits of redistribution. Low and Maldoom (2004) find that optimal tax progressivity depends on the ratio

of prudence to risk aversion.
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cations of progressive taxation in the context of this model. We discuss three channels through

which consumption is partially insured under progressive taxation, and two types of welfare trade-

offs under progressive taxation.

2.1. A Life-Cycle Model

The economy consists of a finite number of households, indexed by i. We assume that house-

holds start their economic life in period 0 and live for T years. Households work for T w years in

their life, and then enter the stage of retirement. During their working life, households derive util-

ity from annual consumption Cit and disutility from labor Hit ; after retirement, households only

enjoy utility from consumption. We assume that households face a positive probability of death af-

ter retirement, and all households die at time T with certainty. Let pS
t be the conditional probability

of survival at time t, and Mit be the market resources households leave as a bequest. Households

maximize their expected discounted utility, as follows:

E0

{
T w−1

∑
t=0

β
t
i u(Cit ,Hit)+

T−1

∑
t=T w

β
t
i

[
pS

t uR(Cit)+(1− pS
t )u

B(Mit)
]}

, (1)

where βi is the discount factor for household i. We allow β to be heterogeneous among households

to account for the empirical wealth distribution.

Period utility during working age follows

u(Cit ,Hit) =
C1−ρ

it
1−ρ

− eφi
H1+σ

it
1+σ

.

The parameter ρ governs the intertemporal elasticity of substitution for consumption and σ gov-

erns the Frisch-elasticity of labor supply. 1/φi captures the extent of disutility from the labor

supply in terms of consumption goods. We allow φ to differ across households to account for the

empirical distribution of the labor supply.

The period utility after retirement follows

uR(Cit) =
C1−ρ

it
1−ρ

.

We assume the utility from a bequest follows a simple functional form,

uB(Mit) = eϕ
M1−ρ

it
1−ρ

,
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where the parameter ϕ captures the degree of the bequest motive.3

Budget Constraint

Let Ait be the amount of financial assets household i holds at the beginning of period t, Wit be the

wage in year t, and Hit be the labor supply in year t. Then, the budget constraint follows

Ai,t+1 = Ai,t(1+ r(1− τA))+WitHit−T X(WitHit)− (1+ τC)Cit . (2)

Here, r is the risk-free interest, τA and τC are the proportional tax rates on capital income and

consumption, respectively, and T X(·) is the progressive tax function.

Progressive Taxation

We specify a parsimonious tax function taken from the public finance literature (see Feldstein

(1969)), following Bénabou (2002) and Heathcote et al. (2014). Taxes or transfers are given by

T X(Yit) = Yit−λY 1−τ

it . (3)

With this tax function, disposable (post-government) income Ỹit is a function of pre-government

income Yit and the parameters τ and λ .

Ỹit = λY 1−τ

it . (4)

The parameter τ determines the degree of progressivity of the tax system.4 For τ = 0, the

tax and transfer function becomes a proportional tax system with tax rate 1− λ ; for τ = 1, the

tax and transfer function becomes so progressive that the after-government income is equal to λ ,

irrespective of the pre-government income. The parameter λ is related to tax revenue. Holding tax

revenue constant, λ increases as the degree of progressivity τ increases.

Wage Process

We assume that the wage follows a permanent–transitory type of process:

logZit = γt + logZit−1 +ηit , (5)

logWit = logZit + εit , (6)

3In principle, we could allow ϕ to differ across households, but we find that the heterogeneity in ϕ only makes the

model marginally better in fitting the data. In light of the extra degree(s) of freedom introduced by this heterogeneity,

we decide to drop it.
4The standard definition of a progressive tax-transfer function in public economics is that the marginal tax rate

is larger than the average tax rate for every level of pre-government income: T X ′(Y ) > T X(Y )/Y. Applying this

definition to our specific tax function implies 1−λ (1− τ)Y−τ > 1−λY−τ , which is true when τ > 0.
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where Zit is the permanent component of the wage process, γt is the deterministic growth rate

common to all households, and ηit and εit are normally distributed permanent and transitory shocks

to wages, respectively,

ηit ∼ N

(
−

σ2
η ,t

2
,σ2

η ,t

)
,

εit ∼ N

(
−

σ2
ε,t

2
,σ2

ε,t

)
.

We allow the variances of the permanent and transitory shocks to the wage to vary by age because

this feature is present in the data and is important for the rate of wealth accumulation over the life

cycle.

Borrowing Constraint

The borrowing constraint can have a large impact on the consumption and labor supply choices of

households with a low wage or wealth. We assume that the maximum amount that households can

borrow depends on their permanent component of wage. In particular,

Ai,t+1 ≥−aZit . (7)

This constraint can be interpreted as banks’ decisions to lend on the basis of households’ annual

income: banks assess the average wage of households, calculate their annual income if they work

full time, and then decide what fraction of that income can be lent.

2.2. Partial Insurance under Progressive Taxation

The key question we want to address is how much of a transitory or a permanent shock to wages

transmits to a household’s consumption response under progressive taxation. In other words, we

analyze how shocks are insured against under progressive taxation. To this end, it is useful to

examine the optimality conditions of a household’s problem.

The intratemporal optimal condition (in log form) is

(1− τ) logWit = (σ + τ) logHit +ρ logCit +φi log
(

(1+ τc)

λ (1− τ)

)
.

Combined with the wage process in equations 5 and 6, we have

(1− τ)(γt + logZit−1 +ηit + εit) = (σ + τ) logHit +ρ logCit +φi log
(

(1+ τc)

λ (1− τ)

)
, (8)
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where γt and logZit−1 are known at time t, and the last term on the right side of the equation is

a constant. Permanent and transitory shocks (ηit and εit , respectively), after being adjusted by

progressive taxation, pass on to labor and consumption.

Equation 8 makes it clear that there are three channels through which consumption is partially

insured against idiosyncratic shocks to wages under progressive taxation.

The first channel is the reduction of wage shocks through progressive taxation, which appears

on the left side of equation 8 as (1− τ). Any shock to wage growth is reduced by a fraction τ . If

tax is proportional (τ = 0), households bear the full impact of wage shocks; on the other extreme,

if tax is fully progressive (τ = 1), no shocks will be passed on to households. We call this the

direct effect of progressive taxation. Intuitively, because the marginal tax rate is increasing under

progressive taxation, households will pay a higher (lower) average tax rate if there are positive

(negative) changes to their income. As a result, post-government wages have a smaller variance

than pre-government wages do,5 and part of the shock to pre-government wages is insured against.

The second channel is labor supply adjustment, which appears as the first term on the right side

of equation 8. This absorbs part of the post-government wage shock, partially insuring consump-

tion against the shock. Progressive taxation distorts labor supply and, hence, affects its response

to idiosyncratic shocks. The more progressive taxation is, the less elastic labor becomes.6

The third channel is precautionary wealth accumulation. Although this does not appear directly

in equation 8, it changes the relationship between logWit and logHit , thereby affecting how much

of a wage shock transmits to consumption. To see this, we examine the intertemporal optimality

condition,

C−ρ

it = β (1+ r(1− τA))Et

[
C−ρ

it+1

]
+(1+ τc)µt , (9)

where µt is the Lagrange multiplier on the borrowing constraint 7. If wealth is sufficiently high,

the expectation operator Et in equation 9 disappears and there is no precautionary saving motive.

Consumption is deterministic and wage shocks are fully absorbed by progressive taxation and

labor adjustment. On the other hand, if wealth is low, there is a strong precautionary saving

motive and consumption can be quite responsive to wage shocks. Because progressive taxation

5More precisely, the post-government wage refers to the log level of the post-government wage. Proportional tax

also reduces the variance of the level of the post-government wage, but it does not reduce the log level of the wage.
6Here, 1/σ is the elasticity of labor with respect to pre-government wages under proportional taxation (τ = 0).

Under progressive taxation, the elasticity is 1−τ

σ+τ
.
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reduces the uncertainty of current and future post-government wages, it affects the strength of the

precautionary motive.

We call the latter two channels the indirect effects of progressive taxation.

2.3. Decomposition of Partial Insurance

To further disentangle insurance through labor supply and wealth accumulation, we start with

a special case where there is no wealth accumulation and households are living hand-to-mouth.7

The intratemporal optimality condition 8 still holds, but the borrowing constraint is binding

Cit =
1

1+ τC
(WitHit−T X(WitHit)) =

λ

1+ τC
(WitHit)

1−τ . (10)

Equations 8 and 10 together fully characterize households’ consumption and labor choices. In

particular,

logCit = (1− τ)
σ +1

ρ +σ +(1−ρ)τ
logWit +C̃, (11)

logHit = (1− τ)
1−ρ

ρ +σ +(1−ρ)τ
logWit + H̃, (12)

where

C̃ =
σ +1

ρ +σ +(1−ρ)τ
log

λ

1+ τC
− 1− τ

ρ +σ +(1−ρ)τ
log

φi

1− τ
,

H̃ =
1−ρ

ρ +σ +(1−ρ)τ
log

λ

1+ τC
− 1

ρ +σ +(1−ρ)τ
log

φi

1− τ
.

The coefficient before the wage term in equation 11 captures the consumption insurance under

progressive taxation in the absence of wealth. Then, (1− τ) is the direct effect of progressive

taxation, and σ+1
ρ+σ+(1−ρ)τ is insurance through labor supply adjustment.8 The extent to which the

labor supply responds to a wage shock under progressive taxation is captured by the coefficient

before the wage term in equation 12. The parameter ρ determines the sign of the labor supply

change in response to an increase in wages: if ρ > 1, the income effect dominates the substitution

effect and labor supply decreases.

7Alternatively, we can think of households as facing no transitory shocks and consuming their permanent income

in each period.
8This is the same pass-through coefficient for permanent shocks as in Heathcote et al. (2014) (cf. Proposition 1) in

a general equilibrium setting.
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We define the consumption and labor responses to a particular type of wage shock

ξC =
cov(logCit ,ψit)

var(ψit)
,

ξH =
cov(logHit ,ψit)

var(ψit)
,

respectively, where ψ can be permanent or transitory.

Taking the covariance of both sides of equation 8 with ψ and rearranging, we arrive at an

expression describing how wage shocks are absorbed,

1− τ = (σ + τ)
cov(logHit ,ψit)

var(ψit)
+ρ

cov(logCit ,ψit)

var(ψit)

= (σ + τ)ξH +ρξC. (13)

A fraction τ is absorbed by the direct effect of progressive taxation. In the absence of wealth,

equation 12 implies that ξH = (1− τ) 1−ρ

ρ+σ+(1−ρ)τ . If we define

χ =
(1−ρ)(σ + τ)

ρ +σ +(1−ρ)τ
, (14)

then a fraction χ of the remaining impact of a wage shock is absorbed by the labor supply and

1−χ by consumption. That is,

{τ,(1− τ)(1−χ),(1− τ)χ}

characterizes the allocation of wage shocks in the absence of wealth. The labor supply response is

given by ξH = (1− τ)χ 1
σ+τ

and the consumption response is ξC = (1− τ)(1− χ) 1
ρ

. To see how

the labor supply adjustment affects consumption insurance, we need to compare the consumption

response to wage shocks when labor is elastic and when it is inelastic. Let σ → ∞ in equation

14 so that labor is completely inelastic. Then, we have χ∞ = 1−ρ . Thus, the effect of the labor

supply is (χ−χ∞)/ρ .

In the presence of wealth, because wealth changes the allocation of a wage shock between

consumption and labor supply, but not the total amount of the shock to be absorbed by them,9 the

allocation of a wage shock can be written as follows:

{τ,(1− τ)(1−χ−χ
′),(1− τ)(χ +χ

′)},

9Equation 8 holds with or without wealth.
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where χ ′ denotes the effect of wealth on the allocation of a wage shock to consumption.10 Then, in

the presence of wealth, ξC = (1− τ)(1−χ−χ ′) 1
ρ

. After a little algebraic manipulation, we have

ξC = (1− τ)(1−χ−χ
′)

1
ρ
= (1− τ)

(
1− χ ′

ρ
− χ−χ∞

ρ

)
. (15)

This makes it clear that consumption insurance is obtained through the direct effect of progressive

taxation (τ), and the indirect effects of labor supply ( χ−χ∞

ρ
) and wealth ( χ ′

ρ
). Without progressive

taxation, wealth accumulation, or elastic labor, consumption would respond on a one-to-one basis

with a wage shock. Uncertainty in wages makes χ ′ intractable. Therefore, we resort to numerical

methods for the estimation.

2.4. Welfare and Optimal Progressive Taxation

We define the welfare of household i, W̃ (λ ,τ,Ait0), as the value of the maximized expected

discounted utility over the life cycle:

W̃ (λ ,τ,Ai,0) = E0

{
T w−1

∑
t=0

β
t
i u(Cit ,Hit)+

T−1

∑
t=T w

β
t
i

[
pS

t uR(Cit)+(1− pS
t )u

B(Mit)
]}

.

Welfare depends on the tax system (λ and τ) and the initial market resources (Ai,0). To facilitate a

comparison of welfare under different degrees of progressivity, we use the following risk-adjusted

transformation,

W =
(
(1−ρ)W̃

) 1
1−ρ

, (16)

where W is given in units of consumption.

It is important to keep (expected) tax revenue constant in the discussion of the welfare impli-

cations of progressive taxation. One way to rationalize this is that the government redistributes the

net tax revenue to households in the form of public goods. Once we assume that the utility derived

from public goods is additive to our current specification of utility, then this redistribution does not

change the ranking of welfare, as long as tax revenue is constant.

There are two types of welfare trade-offs under progressive taxation. The first type is intratem-

poral. As taxation becomes more progressive (an increase in τ), there are broadly two ways of

keeping labor income tax revenue fixed. One is to cut the average tax rate to induce households to

work more, which results in more consumption and more labor supply. The other is to raise the

10Note that χ ′ is an average, because the impact of wealth depends on the level of wealth, which differs across

households and changes over time for the same household.
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average tax rate to make households work less, which results in less consumption and less labor

supply. Whether welfare improves depends on the balance between the contribution to welfare of

extra consumption and the loss of welfare from extra labor. In particular, welfare is not necessarily

monotonic in the degree of progressivity.

The second type of welfare trade-off is intertemporal. A typical household’s income increases

as she progresses over the working life. As taxation turns more progressive, this implies a shift

of taxation from young age to old age. In the presence of a borrowing constraint, this shift tends

to increase household current consumption. In addition, because progressive taxation reduces

future post-government wage uncertainty, it gives a further boost to current consumption. As such,

welfare is affected by the time preference rate of households in relation to interest rates.

In light of the trade-offs, it is natural to ask what degree of progressive taxation is optimal

within the class of tax functions in equation 3. This question is not trivial because we require the

net tax revenue to remain constant. At one extreme, taxation can be so progressive that house-

holds barely want to work. Almost all of their income is taxed away to reach the revenue target,

so consumption is close to zero and utility approaches negative infinity. In this case, welfare is

undoubtedly less than that under proportional taxation.

Because there is no closed-form solution to household welfare, we again resort to numerical

methods to determine the relationship between welfare and progressivity under fixed tax revenue.

To asses optimal taxation, we assume a utilitarian social welfare function that weights all

households equally. However, since we allow for different levels of initial wealth and for four

different preference types, utility levels cannot be compared across households that are not ex-ante

identical. Therefore, we report four different optimal levels of tax progressivity for each of the

types. Comparing welfare at progressivity in the status quo to the respective optimal level shows

how much consumption each type would give up or need to be compensated with in order to be

indifferent.

3. Estimation

In this section, we estimate the parameters of our model. Throughout, we use the Panel Study

of Income Dynamics (PSID). In Appendix E, we re-estimate our model using comparable house-

hold survey data from the German Socio-Economic Panel (SOEP). It is interesting to see how

consumption insurance differs in two advanced economies when they differ in terms of their de-

gree of progressivity, initial wealth distribution, and preferences.
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Figure 1: Estimation of Tax and Transfer Function and Implied Tax Rates

Source: Authors’ calculations.

The key components of the model include progressive taxation, a wage process, and household

preferences. We estimate the progressive tax function directly from information on pre-government

and post-government income in the data. To estimate the wage process, we extend the literature on

the income process and use the variance–covariance restriction of all possible residual wage growth

rates to identify the variances of permanent and transitory shocks. Finally, we use the method of

simulated moments to estimate the parameters related to household preferences by matching the

empirical wealth and the labor supply distributions over the life cycle.

3.1. Progressive Taxation

The tax function given in equation 3 is parsimonious in its parametrization, but gives a remark-

ably good representation of the actual tax and transfer system in the United States. To estimate the

two parameters, we use data on households’ pre-government and post-government labor income

from the PSID. Pre-government household income includes labor earnings, private transfers (e.g.,

alimony), pension incomes, and income from interest, dividends, and rent. Post-government in-

come is equal to pre-government income less income taxes (including income and payroll taxes,

etc.), plus public transfers (unemployment benefits, social assistance etc.).

The left graph in Figure 1 compares our estimated tax function with the data. We construct

the tax schedule implied in the data as follows. First, we collapse all waves of our data into 50

quantiles by pre-government income, and associate the mean of each quantile with the mean post-

government income in the same quantile. These points are shown as circles in the figure. Then,
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we estimate equation 4 in logs using an ordinary least squares regression. Because transfers have a

different slope and intercept, we interact log Yit with a dummy indicating whether post-government

income exceeds pre-government income. This simple model fits the data quite well, with R2 =

0.996. The point estimates are τ = 0.11 and λ = 2.95 for the region where no transfers are paid.11

This is similar to the estimate of τUS = 0.15 that Heathcote et al. (forthcoming) establishes for the

United States. The 45 degree line is where pre- and post-government income are identical. As

shown in the left graph, the predicted post-government income (the solid kinked line) aligns well

with the data.

The right graph in Figure 1 displays the implied marginal and average tax rates, which we

obtain from our estimates of τ and λ . The solid line shows the marginal tax rate, while the dashed

line is the average tax rate. Marginal tax rates are high for transfer recipients and increase to about

70 percent because of transfer withdrawal. Once a household no longer receives transfers, the

marginal tax rate drops to about 15 percent. For high-income households, the marginal tax rate

increases to 35 percent. The red dashed line displays the average tax rate.

3.2. Wage Process

We use all waves available to estimate the wage process given in equation 6. A key aspect of

estimating the wage process is to identify the potentially age-varying variances of transitory and

permanent shocks, because they affect the strength of the precautionary motive and the path of

wealth accumulation. To this end, we develop an estimation method that combines two related

ideas in the literature. The first, as in Carroll (1992), is based on the fact that the variances of log

wage (level) increase over the life cycle. This long-term increase in variances helps to identify

the variance of permanent shocks. The second, as in Blundell et al. (2008), uses the variance–

covariance restriction of the first difference in residual log wages. This tight restriction on short-

term wage growth identifies the variances of permanent and transitory shocks.

We consider both short-term and long-term restrictions on residual wage growth. Specifically,

we conduct a regression of log wages on year dummies, a fourth-order polynomial in age, house-

hold characteristics, an education indicator, and interactions between the education indicator and

all other explanatory variables. The residuals from this regression, namely the residual log wages,

are then used to estimate the variances of permanent and transitory shocks to wages.

11In the region where transfers are paid, τ = 0.67 and λ = 655.
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Figure 2: Growth Rate of Wages by Age and Variance of Log Wages

Source: Authors’ calculations.

We use the generalized method of moments (GMM) estimators, where moments include variance–

covariance restrictions on all orders of the difference in residual log wages. Let ∆kwt = logWt −

logWt−k denote the wage growth rate over k periods at time t, where k = 1,2, . . . up to the maximum

difference in ages available in the sample, and ∆pws = logWs− logWs−p denotes the wage growth

rate over p periods at time s. Then, our moments include all possible covariances cov(∆kwt ,∆
pws).

The inclusion of long-term (k > 1) wage growth ensures that we do not overestimate the variances.

In other words, it makes sure that permanent shocks indeed have an impact on wages over the long

term, while transitory shocks do not. Appendix B describes the estimation process in more detail.

Figure 2 presents the average growth rates of wages γt in the left graph and the variance of log

wages in the right graph. The measure of wage growth is the linear prediction from the regression

mentioned above. Wage growth decreases over the life cycle. After age 50, wages start to decline.

Wage inequality, measured by the variance of log wages, increases steadily up to age 60 and at a

faster rate close to retirement.

Figure 3 illustrates the age-varying variances of permanent and transitory shocks over the life

cycle. The variances of permanent shocks, with an average of 0.014 between ages 26 and 65, are

roughly constant. The variances of transitory shocks display an increasing pattern: households face

increasingly big transitory shocks as they age. The average of the variances of transitory shocks is
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Source: Authors’ calculations.

0.089.12

3.3. Preferences

As mentioned in Section 2.2, consumption partial insurance is achieved under progressive tax-

ation through a direct channel of shock reduction, and indirect channels of labor supply adjustment

and wealth accumulation. Thus, it is natural to use our model to match the empirical wealth and

labor supply distributions when estimating parameters related to household preferences.

Before we employ the method of simulated moments to estimate household preferences, there

are a number of parameters that we have to account for, including life span, interest rate, and the

initial distribution of wealth and wages, among others. Appendix D explains the details of our

choices of these parameters.

We choose the 25th, 50th, and 75th percentiles of wealth and labor supply at each age from 26

to 60 as our targets. That is, we estimate the parameters such that the model-generated profiles of

wealth and labor supply over the life cycle can be as close to the data as possible.

12Compared to the literature, such as Carroll (1992) and Hryshko (2012), our estimates of the variances of perma-

nent shocks are at the lower end, and transitory shocks are at the upper end. In the Appendix E, we provide estimates

for Germany using SOEP data, which are of similar magnitudes.
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Figure 4: Profiles Over the Life Cycle in the United States: Model vs. Data

Note: For each age, red, blue, and black circles are the 75th, 50th, and 25th percentiles of data, respectively, while

solid lines of the same color are the corresponding percentiles of the simulated data from the model. Wealth is in

thousands of USD indexed to the 2005 price level. Labor is the ratio of total hours worked over total normal working

hours. For each working individual, the number of total normal working hours is 8×52 = 2080.
Source: Authors’ calculations.

Formally, let θ = (ρ,β ,φ ,σ ,a,∆β ,∆φ) be the parameters to be estimated.1314 Let π i
A,t(θ), i =

1,2,3 be the 25th, 50th, and 75th percentiles of wealth at age t, respectively, in the simulated data

from the model, and π i
H,t(θ), i= 1,2,3 be the percentiles of labor supply. The estimator of θ solves

the following problem:

min
60

∑
t=26

3

∑
i=1

(
LA(π

i
A,t(θ))+LH(π

i
H,t(θ))

)
.

Here, LA(π
i
A,t(θ)) and LH(π

i
H,t(θ)) are the loss functions of wealth and labor supply profiles,

LA(π
i
A,t(θ)) = E

{[
A j,t−π

i
A,t(θ)

][
π

i−1(A j,t < π
i
A,t(θ))

]}
,

LH(π
i
H,t(θ)) = E

{[
H j,t−π

i
H,t(θ)

][
π

i−1(H j,t < π
i
H,t(θ))

]}
,

13To deal with heterogeneity, we assume for simplicity that half the households are patient (β +∆β ) and half are

impatient (β−∆β ); half the households have high disutility φ +∆φ and half have low disutility φ−∆φ . In other words,

we assume that the discount factor and disutility in labor are independent, each following a binomial distribution with

equal probability of outcomes. Then, ∆β and ∆φ can be interpreted as the standard deviations of the distributions of

the discount factor and the disutility of labor, respectively.
14We also include the borrowing constraint a despite it not being a parameter related to preferences, because it

cannot be estimated directly from the data.
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Table 1: Parameter Estimates of the Model: United States

Parameter Estimates Bootstrap std*

Preference

Discount factor mean β̄ 0.991 (0.001)

Discount factor std std(β ) 0.027 (0.003)

Coefficient of relative risk aversion ρ 2.47 (0.309)

Inverse of Frisch elasticity σ 2.41 (0.829)

Disutility of labor mean φ̄ -0.617 (0.389)

Disutility of labor std std(φ) 0.695 (0.150)

Borrowing constraint a 0.0136 (0.003)

Bequest ϕ 1.31 (0.539)
Note: *Standard errors are based on 100 sample bootstraps.

Source: Authors’ calculations.

where π1 = 0.25, π2 = 0.5, and π3 = 0.75.

Figure 4 shows that our model is able to capture wealth and labor supply distributions over

the life cycle reasonably well. Table 1 displays the parameter estimates of the model. Most of

the estimates are in line with estimates from the previous literature.15 The heterogeneity in the

discount factor (or equivalently, time preference rate) and in the disutility of labor is the key to the

model’s empirical success.

Without these two types of heterogeneity, it is impossible for the model to generate the wide

dispersion of wealth and labor supply in the data. The standard deviation of the distribution of

the discount factor is quite small, suggesting that even very small differences in the degree of

impatience can result in a big difference in wealth accumulation. The standard deviation of the

distribution of disutility of labor, on the other hand, is rather large compared to the mean, sug-

gesting that households have very distinct preferences for the trade-off between consumption and

labor.

15For example, our estimate of relative risk aversion falls within the conventional range of zero to five. Our estimate

of the inverse of Frisch elasticity of substitution is similar to the micro estimates surveyed by Keane and Rogerson

(2012) and Chetty et al. (2011).
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4. Results

In this section, we use our estimated structural model to answer the questions raised earlier. In

particular, we address the relative strengths of different channels through which partial insurance

of consumption is achieved under progressive taxation, and the optimal progressive taxation within

the class of functions in equation 3.

4.1. Partial Insurance under Progressive Taxation

Direct effect

The degree of progressivity, τ , measures the direct effect of progressive taxation. Section 3.1

shows that the point estimate of τ is 0.11. Thus progressive taxation reduces shocks to post-

government wages by 11 percent.

Indirect effect

The indirect effects of progressive taxation cannot be measured directly in the data. However,

with the help of our estimated structural model, we are able to quantitatively evaluate their magni-

tude. Section 2.3 has shown that consumption response to wage shocks is the result of both direct

and indirect effects:

ξC =
cov(logCit ,ψit)

var(ψit)
= (1− τ)(1−χ−χ

′)
1
ρ
,

where χ = (1−ρ)(σ+τ)
ρ+σ+(1−ρ)τ .

With our point estimates of the parameters, χ = −0.79. Using the simulated data from our

model, we calculate the consumption response to permanent shocks, ξ
η

C = 0.57 for ages 26–60.

Thus, we obtain χ ′ = 0.19 and χ ′

ρ
= 0.08.

Recall that χ ′

ρ
measures the effect of wealth on the current consumption response to post-

government wage shocks. This estimate implies that wealth reduces the consumption response

by 8 percent. Similarly, we can calculate the consumption response to transitory shocks over the

working life and decompose the partial insurance channels.

Table 2 summarizes the decomposition of consumption partial insurance channels under pro-

gressive taxation. The first result is that the consumption response to permanent wage shocks is

much less than one-to-one, on average, suggesting that there is much partial insurance. The second

result is that wealth is quantitatively more important than labor in insuring consumption against

transitory shocks, but less so in insuring against permanent shocks. Intuitively, the size of wealth

typically eclipses the size of transitory shocks. However, it might not be enough to buffer against

permanent shocks, because permanent shocks affect wages throughout the life cycle.
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Table 2: Decomposition of Insurance Effects under Progressive Taxation: United States.

Direct Indirect

Wealth Labor

Consumption Response (1− τ)(1− χ ′

ρ
− χ−χ∞

ρ
) −τ −χ ′

ρ
−χ−χ∞

ρ

1% Perm. Shock 0.57 −0.11 −0.08 −0.28

Insurance* 43% 11% 7% 25%

1% Tran. Shock 0.10 −0.11 −0.61 −0.28

Insurance* 90% 11% 54% 25%

*: The contributions to insurance are calculated by τ , (1− τ) χ ′

ρ
, (1− τ) χ−χ∞

ρ
for progressive taxation, wealth, and

labor supply, respectively.
Source: Authors’ calculations.

4.2. The Role of Wealth

In the absence of wealth, equations 11 and 12 characterize consumption and labor supply re-

sponses to wage shocks. In particular, the responses do not vary over the life cycle. However, in

the presence of wealth accumulation, consumption responds less and labor supply responds more,

on average. As households hold more wealth over the life cycle, the effect of wealth becomes more

pronounced.

The first row of Figure 5 shows the age profiles of consumption and labor supply responses

to a 1 percent wage shock over the life cycle, where shocks include both permanent or transitory

shocks. As is evident in the graphs, wealth accumulation over the life cycle diminishes the con-

sumption response, but increases the labor supply response to a wage shock. On average, labor

supply responds negatively to a wage shock.

The second row of Figure 5 investigates how wealth affects the consumption and labor supply

responses to different types of wage shocks. As wealth is accumulated, consumption responds

less to both permanent and transitory shocks; in contrast, labor supply responds less to permanent

shocks, but more to transitory shocks.

Note that labor supply responds negatively to permanent shocks, but positively to transitory

shocks. Intuitively, if there is a negative permanent wage shock, households would work more to

maintain consumption; at the same time, if there is more wealth to finance future consumption,
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Figure 5: Response to a 1 percent Wage Shock

Note: We use cov(logCt ,logWt )
var(logWt )

and cov(logHt ,logWt )
var(logWt )

for consumption and labor responses to wage shocks, respectively.

For responses to permanent shocks, we replace logWt with ηt ; for transitory shocks, we replace logWt with εt .

Source: Authors’ calculations.

labor has to adjust by less. If the negative shock is only transitory, households would work less

because it is a good time to enjoy some leisure; if there is more wealth, households can afford to

work even less.

Figure 5 highlights the role of wealth in changing the consumption or labor supply response

to wage shocks. As wealth accumulation happens over the life cycle, there is more consumption

insurance. Importantly, it shifts the consumption response to transitory shocks to the labor supply

response. Recall that equation 8 indicates that transitory shocks to wages have to be borne by either

consumption or labor. Wealth affects such an allocation. With more wealth, transitory shocks look

more “insurable.”
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Figure 6: Progressivity and Welfare

Source: Authors’ calculations.

4.3. Welfare Implications

We calculate the welfare defined in equation (16) under different degrees of progressivity, hold-

ing labor income tax revenue constant. Specifically, we first use our structural model to calculate

the net tax revenue for households aged 26–60 under the current US tax system. Then, as we vary

the degree of progressivity τ , we numerically estimate λ , such that the net tax revenue is fixed. Fi-

nally, we calculate welfare under various combinations of τ and λ . For the purpose of comparison,

we normalize the welfare under the proportional tax (τ = 0) to 1.

Figure 6 contrasts welfare against the degree of progressivity, holding tax revenue constant.

The relationship between progressivity and welfare is not monotonic: as the degree of progressivity

increases, welfare increases at first, but then declines sharply, suggesting that limited progressivity

is desirable, but too much progressivity severely distorts the labor supply and reduces lifetime

resources for consumption. When we solve the problem of maximizing welfare by choosing τ , we

find numerically that the optimal progressivity τopt = 0.06. As a comparison, our estimate of the

degree of progressivity of the current tax system in the United States is τUS = 0.11.
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Note: (βL,φL) =(low patience, low disutility of labor), (βL,φH) =(low patience, high disutility of labor),

(βH ,φL) =(high patience, low disutility of labor), (βH ,φH) =(high patience, high disutility of labor).
Source: Authors’ calculations.

Heathcote et al. (forthcoming) find that the optimal value for the United States is τUS
opt = 0.062

in a general equilibrium environment, where consumption, labor supply, human capital, and public

goods shape the optimal degree of progressivity. Interestingly, our estimate is similar to theirs,

although we emphasize matching the wealth and labor supply distributions over the life cycle in a

partial equilibrium framework.

Note that we have assigned equal weights in our welfare definition to households with different

preferences and different initial wealth. This definition might have masked the impact of household

heterogeneity on welfare. Therefore, we need to investigate the relationship between welfare and

progressivity for households with different preferences and different initial wealth.

In the estimated version of our model, we have assumed that there are two types of discount

factors and two types of disutility of labor. As such, there are four types of households. Figure 7

plots the relationship between welfare and progressivity for these four types of households, where

βL and βH denote low and high patience, respectively, and φL and φH denote low and high disutility

of labor, respectively.

The solid line connects the optimal degree of progressivity for each type. It is quite robust

that a little progressivity is desirable, but too much might be too distortionary. Moreover, and
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Figure 8: Progressivity and Welfare by Initial Wealth Quantiles

Source: Authors’ calculations.

perhaps surprisingly, more patient households prefer higher progressivity, and households with

low disutility of labor prefer higher progressivity.16

Figure 8 plots the relationship between welfare and progressivity for households at different

quintiles of initial wealth distribution. The solid line connects the optimal degree of progressivity

for households at different quintiles. The pattern of the relationship is generally preserved, regard-

less of initial wealth. However, the wealthier households are, the less progressivity they prefer.

Based on our model, the current degree of progressivity in the US tax system, where τ = 0.11, is

optimal for households in the fourth quintile of wealth, too low for less wealthy households, and

somewhat high for wealthier households.

Figure 7 and 8 together emphasize that the optimal degree of progressivity depends on the

distribution of heterogeneity in household preferences, as well as on the distribution of wealth.

Thus, there is no single optimal degree of progressivity for all.

Another way to see how progressive taxation disproportionately affects households at different

quintiles of initial wealth distribution is to consider the tax burden shared by each group. We use

net tax revenue per age under proportional taxation as a benchmark, because it does not vary by

initial wealth, and then determine how much it will change if taxation changes from proportional to

16This is because under progressive taxation, total labor supply is higher and the average tax rate is lower.
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Source: Authors’ calculations.

progressive, holding total revenue constant. Figure 9 displays the results, showing that households

with high initial wealth incur more tax and essentially subsidize households with low initial wealth,

because wealth and income are positively correlated. Regardless of initial wealth, households of

old age incur more tax and subsidize households of young age, because wage and income increase

over the life cycle.

5. Conclusion

This study examines consumption insurance and optimal progressive taxation through the lens

of a heterogeneous-agent life-cycle model that matches the empirical distributions of wealth and

labor supply. Partial insurance of consumption against wage shocks in the model is achieved

through progressive taxation, labor supply adjustment, and precautionary wealth accumulation.

Our estimated model suggests that over the life cycle of US households, on average, 43 percent

of permanent wage shocks are insured against, of which 11 percent is by progressive taxation, 7

percent by wealth, and 25 percent by labor supply adjustment. 90 percent of transitory wage shocks

are insured against, of which 11 percent is by progressive taxation, 54 percent by wealth, and 25

percent by labor supply adjustment. Wealth is more important in insurance against transitory
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shocks than it is for permanent shocks. The optimal degree of progressivity for the United States

is less progressive than the current US tax system. However, it differs by household heterogeneity

in preferences and initial wealth. Households that are more patient, more willing to work, and less

wealthy prefer more progressivity. A comparison with the results from the same model estimated

with German data shows that the wealth channel is more important in achieving consumption

insurance in Germany. The optimal degrees of progressivity in both countries are similar.
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Appendix

A. PSID Data and SOEP Data

This analysis is based on data from the Panel Study of Income Dynamics (PSID) and the

German Socio-Economic Panel (SOEP).

The PSID data set is based on a sample of roughly 5,000 households that were interviewed in

1968. From 1997 on data are only available every second year (1999, 2001, etc.).17 Of these, about

3,000 were sampled to be representative of the nation as a whole and about 2,000 were low-income

families that had been interviewed previously as part of the Census Bureau’s Survey of Economic

Opportunity. The members of these households have been tracked since then. Wealth data are

available in 1984, 1989, 1994, 1999, 2001, 2003, 2005, 2007, 2009, 2011, and 2013. We use all

waves available to estimate the permanent income and income uncertainty measures.

The SOEP is a representative annual household panel survey with about 20,000 observations

per year in Germany that started with roughly 6,000 households in 1984. Wagner et al. (2007) pro-

vide a detailed description of the data. As for the PSID, we use all waves available to estimate the

permanent income and income uncertainty measures. We use wealth data that are available in the

2002, 2007, and 2012 waves. The SOEP questionnaire for these waves included a special module

that collected information about private wealth. Similarly as in the PSID, the surveys asked about

the market value of personally owned real estate (owner-occupied housing, other property, mort-

gage debt), financial assets, tangible assets, private life and pension insurance, consumer credit,

and private business equity (net market value; i.e., own share in case of a business partnership).

The wealth balance sheets referred to the personal level, so in the case of jointly owned assets, the

survey explicitly asked about each person’s individually owned shares.

We use the Cross-National Equivalent File (CNEF) that contains equivalently defined variables

for the Panel Study of Income Dynamics and the German Socio-Economic Panel.18 In each year,

we aggregated data on hours worked, labor income, and wealth to the household level, and deflated

to 2005 purchasing power parity prices in Euro using the consumer price index provided by the

Federal Statistical Offices.

Our measure of labor income, available from 1970 to 2013 in the PSID and from 1984 to 2013

in the SOEP, combines annual household pre-government labor income that a household received

17For a more detailed description, see The Panel Study of Income Dynamics (2016).
18For a more detailed description, see Lillard et al. (2002).
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in the calendar year prior to the survey year. More specifically, labor income is the sum of income

from primary job, secondary job, self-employment, service pay, 13th month pay, 14th month pay,

Christmas bonus pay, holiday bonus pay, miscellaneous bonus pay, and profit-sharing income.

Wages are calculated as household labor income divided by household hours of work.

We define as household heads the individual who has the highest earnings and highest wage in

each year. If two individuals have identical values on these variables, we assign the person defined

by the SOEP or PSID as the head as household head.

We drop individuals with non-positive hours of work, negative wages, or wages larger than

150 Euro. Moreover, we drop individuals that have the same age in two different years. Then,

our SOEP sample includes 3,696 in 1984 and 5,565 in 2013. The PSID sample includes 2,782

households in 1971, and 5,456 in 2013.

B. Estimation of Idiosyncratic Risks

Let ∆kwt = log(Wt)− log(Wt−k) denote the wage growth at period t over the past k-year hori-

zon19, and
(
∆kwt

)
t,k denote the vector of wage growth at different periods over all possible hori-

zons.20 If the true wage process follows that in 5 and 6, the theoretical variance–covariance matrix

of
(
∆kwt

)
t,k follows

cov{∆kwt ,∆
pws}=



σ2
η ,s−p+1 + · · ·+σ2

η ,t if s > t > (s− p)> (t− k)

σ2
η ,s−p+1 + · · ·+σ2

η ,t +σ2
ε,s−p if s > t > (s− p) = (t− k)

σ2
η ,t−k+1 + · · ·+σ2

η ,t if s > t > (t− k)> (s− p)

−σ2
ε,t if s > t = s− p > (t− k)

0 if s > (s− p)> t > (t− k)

σ2
η ,t−k+1 + · · ·+σ2

η ,t +σ2
ε,t if s = t > (t− k)> (s− p)

σ2
η ,t−k+1 + · · ·+σ2

η ,t +σ2
ε,t +σ2

ε,t−k if s = t > (t− k) = (s− p)

(B.1)

where we show the covariances when t ≤ s only because the variance–covariance matrix is sym-

metric.

The variance of transitory shocks at period t can be identified by

σ
2
ε,t =−cov{∆kwt ,∆

pwt+p} k ≥ 1, p≥ 1,

and the variance of permanent shocks at period t can be identified by

σ
2
η ,t = cov{∆kwt ,∆

pwt+i}− cov{∆kwt−1,∆
pwt−1+i} k ≥ 1, p≥ 1, i≥ 1.

19The life cycle starts at period 1, and 1≤ k ≤ (t−1).
20If there are T periods of wages, the length of the vector would be T (T−1)

2 .
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In other words, to identify the variance of transitory shocks at period t, we need at least wages

at periods t− 1, t, t + 1; to identify the variance of permanent shocks at period t, we need at least

wages at periods t−2, t−1, t, t+1. However, identification of a particular variance is achieved not

only through one covariance restriction, but through all possible covariance restrictions implied by

B.1.21 The inclusion of covariance restrictions on long-term (k > 1) wage growth in
(
∆kwt

)
t,k is

important because it ensures that the effect of permanent shocks stays, and that of transitory shocks

diminishes in the covariance term.

To estimate the variances of transitory and permanent shocks, we need to construct the empir-

ical counterpart of the variance-covariance matrix of
(
∆kwt

)
t,k.

Suppose the panel data contain T y years of data. Let the life cycle start from period 1 and end

at period T . For simplicity, we assume that T > T y, as is the case in SOEP and PSID. For a typical

household, we can observe its wages up to T y years. Let ∆kwi,t = log(Wi,t)− log(Wi,t−k) denote

the k-year wage growth for household i at period t, where 1 ≤ k ≤ min{t,T y}− 1. If there are

no missing data for the household, we would have X = T y(T y−1)
2 +(T −T y)(T y−1) wage growth

rates at different ages over different horizons,22 from which we would construct X(X+1)
2 distinct

empirical moments for all possible cov{∆kwt ,∆
pws}.

Let the (X×1) column vector ∆wi =
(
∆kwt

)
t,k denote

wage growth over all available horizons at period t for household i. To deal with missing data,

we define di conformably with ∆wi, where dk
i,t = 1 if ∆kwi,t is not missing, and dk

i,t = 0 otherwise.

Following the notation in Blundell et al. (2008), we construct empirical moments that contain

estimates of cov{∆kwt ,∆
pws}

m = vech

{(
N

∑
i=1

∆wi∆w′i

)
�

(
N

∑
i=1

did′i

)}
,

21For instance, the variance of transitory shocks at period t can also be identified by

σ
2
ε,t = cov{∆kwt ,∆

pwt}− cov{∆kwt ,∆
pwt+i} p > k, i≥ 1,

and the variance of permanent shocks at period t can also be identified by

σ
2
η ,t = cov{∆1wt ,∆

pwt+i} p 6= s− (t−1),

etc.
22That is, at period t, where 2 ≤ t ≤ T y, we would have wage growth over a 1-year to (t− 1)-year horizon, with

a total of T y(T y−1)
2 wage growth rates; if t > T y, we would have wage growth over a 1-year to (T y−1)-year horizon,

with a total of (T −T y)(T y−1) wage growth rates.
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where � denotes elementwise division. Let m∗(σ2
η ,t ,σ

2
ε,t) denote the corresponding theoretical

moments implied by B.1. We estimate the variances of permanent and transitory shocks by solving

the problem

min
{σ2

η ,t},{σ2
ε,t}

(m−m∗)′Λ(m−m∗),

where Λ is a weighting matrix. In practice, we choose an identity weighting matrix Λ = I (i.e.,

equally weighted minimum distance).

C. Numerical Solution to the Household’s Problem

Working life

Let the value function before retirement be Vit(Ait ,Zit ,εit). Then we have the recursive relation

Vit(Ait ,Zit ,εit) = u(Cit ,Hit)+βEtVit+1(Ait+1,Zi,t+1,εi,t+1).

The first-order conditions with respect to Ct and Ht are

uC(Cit ,Hit) = (1+ τc)(βEtV A
it+1 +µt),

−uH(Cit ,Hit) = (Wt−T X ′(WtHt)Wt)(βEtV A
it+1 +µt),

where µt is the Lagrange multiplier on the constraint of Ait+1 ≥−aZit . The envelope condition is

V A
it = β (1+ r(1− τA))EtV A

it+1. (C.1)

As such, we have

uC(Cit ,Hit) = β (1+ r(1− τA))EtuC(Cit+1,Hit+1)+(1+ τc)µt ,

uC(Cit ,Hit) = − (1+ τc)uH(Cit ,Hit)

Wit−T X ′(WitHit)Wit
.

Given the specific forms of the utility function and the tax function, we have

uC = C−ρ ,

uH = −φHσ ,

T X ′(WitHit) = 1−λ (1− τ)(WitHit)
−τ .
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The key equations for solving a household’s problem are

C−ρ

it = β (1+ r(1− τA))Et

[
C−ρ

it+1

]
+(1+ τc)µt ,

C−ρ

it =
(1+ τc)φ

λ (1− τ)
Hσ+τ

it W τ−1
it .

Retirement

After retirement, households have no labor supply choices. Let V R
it (Mit) be the value function of

households after retirement. Then, we have the following recursive formulation:

V R
it (Mit) = uR(Cit)+β

(
pS

t V R
i,t+1(Mi,t+1)+(1− pS

t )u
B(Mi,t+1)

)
.

The first-order condition follows

(uR)′(Cit) = β (1+ r(1− τA))
(

pS
t (u

R)′(Ci,t+1)+(1− pS
t )(u

B)′(Mi,t+1)
)
,

Given the specific function forms of uR(·) and uB(·),

C−ρ

it = β (1+ r(1− τA))
(

pS
t C−ρ

i,t+1 +(1− pS
t )φM−ρ

i,t+1)
)
.

In the last possible period of the life cycle, because households die with certainty, the budget

constraint is as follows:

Mi,T+1 = (1+ r(1− τA))(Mi,T −Ci,T ).

Combined with the first-order condition

C−ρ

iT = β (1+ r(1− τA))φM−ρ

i,T+1,

we obtain the last period’s consumption function

CiT =
1+ r(1− τA)

1+ r(1− τA)+(β (1+ r(1− τA))φ)
1
ρ

MiT .

It is apparent that φ affects the marginal propensity to consume. The higher φ is, the more bequests

households will leave. One subtlety here is that in the model we have assumed that it is possible

for households to leave a bequest every period after retirement. This is important for the model’s

capability to generate the empirical wealth accumulation over the life cycle, especially the level of

wealth close to retirement. Otherwise, had we assumed households could only leave a bequest in

the very last period (T ), because of discounting, the bequest motive would have a limited impact
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on the level of wealth close to retirement, and the model would not be able to capture the empirical

wealth profile over the life cycle.

Endogenous Gridpoints Method

We use the backward policy function iteration to solve the households problem: Given the policy

rules C∗t+1() and H∗t+1() in period t + 1, we calculate the policy rules in period t. To speed up

the numerical solution, we use a variant of the endogenous gridpoints method first proposed by

Carroll (2006). For example, for policy rules before retirement, given At+1,Zt ,εt , and the optimal

decision C∗t+1(At+1,Zt+1,εt+1), we will be able to calculate Et [C
−ρ

t+1(At+1,Zt+1,εt+1)] and hence

Ct and Ht through the first-order conditions. The endogenous grid is then calculated by At =

1
(1+r(1−τA))

(At+1 +(1+ τc)Ct − (WtHt −T X(WtHt))). With Ct(At ,Zt ,εt) and Ht(At ,Zt ,εt) on the

endogenous grid, we can interpolate them to obtain their values on the pre-specified exogenous

grid.

D. Choices of Nuisance Parameters

Life span

We assume that the life cycle starts at age 26 (period 0). Households work for T w = 40 years and

retire at age 65. They live for T = 65 years after beginning their life cycle and die with certainty

at age 90.

The choice of when a life cycle begins is primarily based on data availability and the fact that

most households finish school before 26. The choice of how long households might live after

retirement will influence the estimation of household preference, in particular the time preference

rate, because part of wealth accumulation is saving for retirement. We choose T to be big enough

– well above average life expectancy – so that its impact on wealth accumulation before retirement

is small.

Initial distribution of wealth and wage

A simulation of the model requires the distribution of wealth and income at the beginning of life

cycle. To obtain the initial distribution, we sort households between ages 20–24 by their net worth

and group them into five equal-sized groups. For each group, we calculate its median net worth

and median wage. We randomly assign households at age 26 to different net worth quintiles and

use its median net worth and median wage as the starting values of wealth and wage. With these

initial distributions, we simulate households’ consumption, labor supply, and wealth accumulation

dynamics until they reach the age of 65.
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Normalization of labor

We normalize Hit by the typical number of working hours in a year (8×5×52 = 2,080 hours for a

single worker). As such, Wit should be interpreted as annual wage. We set the maximum working

hours to be the total hours available so that Hit ≤ H̄ = 3.

Interest rates and other taxes

We use the historical average of interest rates r = 3 percent, capital tax τA = 15 percent, and

consumption tax τC = 6 percent.

Mortality rates

For the probability of survival after retirement, we use the life tables in the Human Mortality

Database (HMD). The life tables include survival probabilities and life expectancies that vary by

age and are available for the years from 1991 to 2012. We first calculate the age effects of the

conditional probabilities of survival from 1991 to 2012 and then impute the probability of survival

from age 65 on.

E. Results for Germany

In this section, we re-estimate our model for Germany, where the tax schedule is notably more

progressive, using data from SOEP. We examine whether the strength of consumption partial in-

surance channels and whether the optimal degree of welfare differ drastically between the two

countries. One of the purposes of this exercise is to assess how robust our model and estimation

techniques are in applying to different datasets.

Based on our parameter estimates, we find that consumption partial insurance through the

wealth channel is more important in Germany, mainly because of less elastic labor supply. Com-

pared to a revenue-neutral proportional tax, progressive taxation in Germany leads to less wealth

accumulation, less consumption, and less labor supply, in contrast to our findings for the United

States. The optimal degree of progressive taxation is similar in the two countries.

E.1. Progressive Taxation

Table E.1 contrasts our estimates of the progressivity of Germany with that of the US. The

tax part is where post-government income is lower than pre-government income. In other words,

households incur net taxation. The transfer part is where post-government income is higher than

pre-government income and households are net recipients of government transfers. Regardless of

which part of tax schedule, taxation in Germany is much more progressive than in the US.
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Table E.1: A Comparison of Progressivity: US vs. Germany

Tax Transfer

Parameter τ λ τ λ

US 0.11 2.95 0.67 655

Germany 0.22 7.87 0.82 3296
Source: Authors’ calculations.

E.2. Wage Process

Figure E.1 compares average growth rates of wages γt in the left hand graph and the variances

of log Wit in the right hand graph. Compared to Germany, US Wage growth is stronger for young

households but becomes weaker as they wage. Household wages differ at a faster rate in the US

over most of the life cycle. However, close to retirement, German wages show a prominent increase

in dispersion.

Figure E.2 compares idiosyncratic risks in US and German wage processes. Variances of both

permanent and transitory shocks to wages are lower in Germany, though they are of similar patterns

to the US.
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Figure E.1: Growth Rate of Wages by Age and Variance of Log Wages

Source: Authors’ calculations.
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Figure E.2: Permanent and Transitory Variances by Age

Source: Authors’ calculations.
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E.3. Preference

Table E.2: Parameter Estimates: A Comparison between the US and Germany

Parameter US Est. US Std. DE Est. DE Std.

Preference

Discount factor mean β̄ 0.991 (0.001) 0.954 (0.003)

Discount factor std std(β ) 0.027 (0.003) 0.015 (0.002)

Coefficient of relative risk aversion ρ 2.47 (0.309) 1.29 (0.147)

Inverse of Frisch elasticity σ 2.41 (0.829) 3.28 (1.07)

Disutility of labor mean φ̄ -0.617 (0.389) -0.386 (0.168)

Disutility of labor std std(φ) 0.695 (0.150) 0.742 (0.189)

Borrowing constraint a 0.0136 (0.003) 0.0287 (0.028)

Bequest ϕ 1.31 (0.539) 0.748 (0.538)
Note: Standard errors are based on 100 sample bootstraps.

Source: Authors’ calculations.

Table E.2 displays the parameter estimates of the model. Most of the estimates are in line with

estimates from the previous literature.

Figure E.3 shows that our model is able to capture wealth and labor supply distributions over

the life cycle reasonably well for Germany. Interestingly, wealth holdings are much lower in

Germany than in the US.

Labor supply is slightly decreasing in both countries over the life cycle. However, at a given

age German labor supply has a wider distribution than in the US, an indication of the importance

of using heterogeneity in disutility of labor to capture the distribution of labor supply.
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Figure E.3: Profiles Over the Life Cycle: Model vs. Data

Note: Notes: For each age, red, blue, and black circles are the 75th, 50th, and 25th percentiles of data, respectively,

while solid lines of the same color are the corresponding percentiles of the simulated data from the model. Wealth is in

thousands of EUR indexed to the 2005 price level. Labor is the ratio of total hours worked over total normal working

hours. For each working individual, the number of total normal working hours is 8×52 = 2080.
Source: Authors’ calculations.
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E.4. Insurance Effects under Progressive Taxation

Tabel E.3 shows that consumption partial insurance in the US and in Germany is similar

whether it is against permanent or transitory wage shocks. However, the strength of insurance

channels is quite different. In Germany, because taxation is more progressive, the direct insurance

effect of progressive taxation is stronger. In addition, wealth plays a more important role than labor

in achieving consumption insurance. This is because our estimate of Frisch elasticity for Germany

is lower (σ is higher).

Table E.3: Decomposition of Insurance Effects under Progressive Taxation.

Direct Indirect

Wealth Labor

Consumption Response (1− τ)(1− χ ′

ρ
− χ−χ∞

ρ
) −τ −χ ′

ρ
−χ−χ∞

ρ

1% Perm. Shock (Germany) 0.61 −0.22 −0.17 −0.05

1% Perm. Shock (US) 0.57 −0.11 −0.08 −0.28

1% Tran. Shock (Germany) 0.11 −0.22 −0.80 −0.05

1% Tran. Shock (US) 0.10 −0.11 −0.61 −0.28
Source: Authors’ calculations.
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Figure E.4: Progressivity and Welfare

Source: Authors’ calculations.

E.5. Welfare Implications

Figure E.4 compares the relationship between welfare and progressivity in the United States

and in Germany. Interestingly, the optimal degree of progressivity is about τ = 0.06 for both

countries, in spite of differences in preference and distributions of wealth, labor and wage. For

Germany, welfare declines more quickly with progressivity after the optimum. Given that current

degree of progressivity for Germany τDE = 0.22, Germany is farther away from its optimum than

the US.
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